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ON LUMP INSTABILITY OF
DAVEY–STEWARTSON II EQUATION
Rustem R. Gadyl’shin and Oleg M. Kiselev
Institute of Mathematics, Ufa Science Center of Russian
Academy of Sciences, 112, Chernyshevskii, 450000 Ufa, Russia
Abstract. We show that lumps (solitons) of the Davey–Stewartson II
equation fail under small perturbations of initial data.
§1. Introduction
The Davey–Stewartson II (DS-II) equation [1,2] is the well known ex-
ample of the 2+1 dimensional completely integrable equation ([3,4]). We
study the lump (soliton) stability for this equation. The DS-II equation
is considered in the following form [4]:
i∂tq + 2(∂
2
z + ∂
2
z¯ )q + (g + g)q = 0,
∂z¯g = ∂z |q|
2.
Here z ∈ C, and the overbar represents complex conjugation.
It is known ([4]) that there exists the correspondence one-to-one be-
tween the lumps and poles (with respect to k) of the matrix solution of
the equation
(I −G[q0, k])φ = E(kz), (1.1)
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where E(kz) = diag(exp(kz), exp(kz)), I is the unit matrix, q0(z) is the
initial data q(z, 0) for the DS-II equation and
G[f, k]φ ≡
i
4pi
∫ ∫
C
dζ ∧ dζ
×
(
0 f(ζ) exp(k(z−ζ))z−ζ
−f(ζ) exp(k(z−ζ))
z−ζ
0
)
φ(k, ζ).
Hereafter, the dependence of functions on the complex conjugate vari-
ables is omitted.
If the solution of (1.1) has a pole then the solution of DS-II has the
soliton structure. We show that the pole disappears under small per-
turbation of the initial data. One and the same the soliton structure is
instable with respect to perturbations. Namely in this sence we mean
instability of the lump.
§2. Reduction of the problem
The existence of the nontrivial solution for the boundary value pro-
blem
(I −G[q0, k0])Φ = 0,
E(−k0z)Φ(z)→ 0, |z| → ∞
(2.1)
is the nessecary condition for existence of the pole at k = k0 for the
solution of (1.1) (see, for instance, [4]). In turn, one can see, that the
existence of the nontrivial solutions of (2.1) is equivalent to the existence
of the nontrivial solution (vanishing at infinity) of the equation
(I − G[q0, k0])χ = 0, (2.2)
where
G[f, k]χ =
i
4pi
∫ ∫
C
dζ ∧ dζ
×
(
0 f(ζ) exp(kζ−kζ)z−ζ
−f(ζ) exp(kζ−kζ)
z−ζ
0
)
χ(k, ζ).
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One can show, that if q0 is a continuous function and |q0| ∼ |z|−2
as |z| → ∞, then G[q0, k] is the compact operator in the space C(C) of
continuous vector-functions with the norm
||u|| = sup
z∈C
(|u1|+ |u2|),
where uj are the components of u (see also, [5]). So, the existence of the
lumps is reduced to the existence of zeros for eigenvalues of the equation
(I − G[q0, k])A = λ(k)A (2.3)
We show that zero of the eigenvalue is instable with respect to a small
perturbation of the potential q0. As above mentioned this result implies
the instability of the lumps.
§3. Uniform asymptotics of the eigenvalue
Assume that the solution of (1.1) has the first order pole at k = k0 in
the unperturbed case q0 = q0 and denote
σ =
(
0 1
−1 0
)
.
It is known [4], that if A(1) is the nontrivial solution of (2.2) (for q0 =
q0(z)), then A
(2) = σA(1)σ−1 is the second nontrivial solution of (2.2).
Obviously, A(i) are the eigenfunction of (2.3) for k = k0, q
0 = q0 and
λ(k0) = 0. To be more concrete, we assume that the multiplicity of the
null eigenvalue, for k0 = 0, is equal to two.
Now, we consider the perturbed case
q0(z) = q0(z) + εq1(z), (3.1)
where q1 is a smooth function with the finite support and ε is a small real
valued parameter. The leading terms of asymptotics for the eigenvalue
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and eigenfunction of (2.3) in the perturbed case are constructed in the
following form:
λ˜(ε, k) =ε
1
λ(κ), (3.2)
A˜(z, k, ε) =
0
A(z,κ) + ε
1
A(z,κ), (3.3)
where κ = (k−k0)ε
−1. Substituting (3.1)-(3.3) into (2.3), we obtain the
following equations:
(I − G[q0, k0])
0
A = 0, (3.4)
(I − G[q0, k0])
1
A =
1
F , (3.5)
where
1
F = G[q1, k0]
0
A+ κ∂kG[q0, k0]
0
A+ κ¯∂k¯G[q0, k0]
0
A+
1
λ(κ)
0
A. (3.6)
Obviously, that
0
A(z,κ) = α(κ)A(1)(z) + β(κ)A(2)(z) (3.7)
satisfies (3.4) for any α and β.
Denote
(u, v)f =
∫ ∫
C
dz ∧ dz
(
f exp(kz − kz)u1v1 + f exp(kz − kz)u2v2
)
,
where ui, vi are the components of the vectors u, v respectively. Let B
(1)
be the eigenfunction of the formal adjoint equation for (I+G[q0, k0]) with
respect to (•, •)q0 . One can see, that the function
B(2) = σB(1)σ−1
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is the second eigenfunction of the adjoint equation. The Fredholm alter-
native for the solvabililty of (3.5) reads as following:
(
i
F ,B(j))q0 = 0, j = 1, 2. (3.8)
We normalize A(1) and B(1) by conditions
(A(1), e1)q0 = 0, (A
(1), e2)q0 = 4ipi,
(e1, B
(1))q0 = 0, (e2, B
(1))q0 = 4ipi,
where ei, i = 1, 2 is the corresponding column of the unit matrix.
The construction of the asymptotics is standard. Putting (3.6) in
(3.8), we get the following equations
1
λαΩ1 +
1
λβΩ2 + αQ1 + βQ2 + 4ipiβκ¯ = 0,
1
λαΩ¯2 −
1
λβΩ¯1 + αQ¯2 − βQ¯1 − 4ipiακ = 0,
(3.9)
where
Ωj = −4ipi(A
(j), B(1))q0 , Qj = (A
(1), B(j))q1 , j = 1, 2.
The system (3.9) implies that
(
|Ω1|
2 + |Ω2|
2
) 1
λ2 + 2Re
(
Ω1Q1 +Ω2
(
Q2 − 4ipiκ¯
)) 1
λ+
+ |4ipiκ¯ +Q2|
2 + |Q1|
2 = 0,
(3.10)
The equation (3.10) has two solutions
1
λi, i = 1, 2, (taking in account
their multiplicity) such that
1
λ1(κ)
1
λ2(κ) =
|4ipiκ¯ +Q2|
2 + |Q1|
2
|Ω1|2 + |Ω2|2
, (3.11)
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1
λi(κ) = O(1 + |κ|). (3.12)
Hereafter, the estimates cointainig κ are understood as uniform with
respect to κ ∈ C.
Remark 3.1. The following constructions are independent of the index
i in the formulae
1
λi. Therefore we omit it in the construction of the
eigenvalues and eigenfunctions up to remark 3.2 below.
Let us normalize (3.7) by condition:
α+ |β| = 1, α ≥ 0 (3.13)
Due to (3.13) and any equation from (3.9), we get α, β and obtain the
solution of (3.5) such that
||
1
A(z,κ)|| = O(1 + |κ|). (3.14)
Formalae (3.4)-(3.7) and (3.12)-(3.14) imply that there exist λ˜ and A˜
having form (3.2) and (3.3), respectively, such that
T (ε, k)A˜ = F˜ , (3.15)
where T (ε, k) = I − G[q, k]− λ˜(ε, k),
0 < C1 < ||A˜|| < C2, (3.16)
||F˜ || = o(|ε|+ |k − k0|). (3.17)
Hereafter Ci are constants. Obviously, for the eigenvalues µ(ε, k) of
T (ε, k) and λ(ε, k) of I − G[q, k] there is the equality
λ(ε, k) = λ˜(ε, k) + µ(ε, k). (3.18)
Let γ be the circle around the origin of enough small fixed radius.
Denote
P (ε, k) =−
1
2pii
∫
γ
(T (ε, k)− ζ)
−1
dζ,
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U(ε, k) =
(
1− (P (ε, k)− P (0, k0))
2
)−1/2
(1− P (ε, k)− P (0, k0)) .
It is known [6], that the projector P (ε, k) and transform function U(ε, k)
reduce the eignevalue problem (local) for T (ε, k) to the the eignevalue
problem for the two dimensional operator
Tˆ (ε, k) = U−1(ε, k)T (ε, k)U(ε, k)P (0, k0)
defined in P (0, k0)C(C). Namely, both eigenvalues of Tˆ and both van-
ishing eigenvalues of T (as ε→ 0 and k → k0) coincide. By definition of
T the operator Tˆ has form
Tˆ (ε, k) = εTˆ1(ε, k) + (k − k0)Tˆ2(ε, k), ||Ti|| ≤ C, (3.19)
and due to (3.15)-(3.17) the function Aˆ(ε, k) = U−1(ε, k)A˜(ε, k) satisfies
the equation
Tˆ (ε, k)Aˆ = o(|ε|+ |k − k0|) (3.20)
and the following estimate holds
0 < C3 < ||Aˆ|| < C4. (3.21)
Suppose, that
k − k0 = O(ε). (3.22)
and denote B(ε, k) = ε−1Tˆ (ε, k). Let ν(ε, k) is the eigenvalue of B(ε, k).
Obviously, equality (3.18) implies that
λ(ε, k) = λ˜(ε, k) + εν(ε, k). (3.23)
On the other hand, due to (3.19), (3.20) and (3.22) we have that
B(ε, k)A˜ = o(1), ||B|| ≤ C5. (3.24)
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In turn, formulae (3.21) and (3.24) imply that there exists the vanihing
ν(ε) and, hence (see, (3.23)) there is the eigenvalue
λ(ε, k) = λ˜(ε, k) + o(ε). (3.25)
In the same way, one can obtain that if
ε = O(k − k0) (3.26)
then
λ(ε, k) = λ˜(ε, k) + o((k − k0)). (3.27)
Formulae (3.22), (3.25)–(3.27) imply that
λ(ε, k) = λ˜(ε, k) + o(|k − k0|+ |ε|), k − k0, ε→ 0. (3.28)
Remark 3.2. Now, recall that, in fact, we constructed two series asymp-
totics corresponding the index i = 1, 2 (see, remark 3.1). So, below we
add this index for the constructed quantities.
Denote by λi, i = 1, 2, the eigenvalues of (I − G[q
0, k]) vanishing as
k → k0 and ε→ 0. Due to (3.2), (3.11), (3.12) and (3.28) we have that
λ1λ2 =
|4ipi(k − k0) + εQ2|
2 + ε2|Q1|
2
|Ω1|2 + |Ω2|2
+ o(ε2 + |ε(k − k0)|+ |k − k0|
2).
One can see that, if Q1 6= 0, then λ1λ2 6= 0 for ε > 0 and any k close to
k0.
Remark 3.3. So, the structure of the scattering data (in the terms of the
inverse scattering transform [4]) is instable under small perturbations of
initial data. This result justifies the formal asymptotics of the continuous
part for the scattering data constructed in [5].
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